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Abstract 
Let G be a connected graph with v(G)>~2 vertices and independence number ~(G). G is 
critical if for any edge e of G: 
(i) ~(G - e) > ct(G), if e is not a cut edge of G, and 
(ii) v(Gi)-ct(Gi) < v(G)-ct(G), i=1, 2, i fe is a cut edge and Gi, G2 are the two components 
of G-e .  
Recently, Katchalski et al. (1995) conjectured that: if G is a connected critical graph, then 
ct(G)<~ iv(G) with equality possible if and only if G is a tree. In this paper we establish this 
conjecture. @ 1998 Published by Elsevier Science B.V. All rights reserved 
1. Introduction 
Let G be a graph with vertex set V(G) and edge set E(G). Following Bondy and 
Murty [1] we let v(G) = IV(G)[ and c(G) = IE(G)[. Further Kn, Cn and P,  denote the 
complete graph, cycle and the path on n vertices, respectively. All graphs considered 
here are connected and have at least 2 vertices. 
A subset S of  V(G) is an independent set of G if no two vertices of S are adjacent. 
The independence number, ~(G), of G is the cardinality of  a maximum independent 
set. G is said to be a-critical if ~(G - e) > ~(G) for every edge e E E(G). 
We say a connected graph G is critical if for any edge e of  G: 
(i) ~(G - e) > ~(G), if e is not a cut edge, and 
(ii) v(Gi) - ~(Gi) < v(G) - or(G), for i=1, 2, if e is a cut edge of G and G1, G2 are 
the two components of G - e. 
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Fig. 1. 
Observe that Cn and Pn+l are critical if and only if n is odd. Some ~-critical and 
critical graphs are displayed in Fig. 1. Note that G1 is both or-critical and critical, G2 
is critical but not or-critical. 
Katchalski et al. [2] made the following conjecture: 
Conjecture 1. If G is a critical graph, then ~(G)~< ½v(G) with equality possible if and 
only if G is a tree. 
For the special case of connected ~-critical graphs Conjecture 1 follows from the 
following result of Lovasz and Plummer [3]: 
Lemma 1.1. I f  G is a connected g-critical graph, then g(G)<~lv(G) with equality 
holding if and only if G = K2. 
In this paper we establish the conjecture for all connected critical graphs. 
The above notion of critical graph can be described in terms of an ordered colouring. 
Following Katchalski et al. [2], let • be a binary relation on a set Q. Define the mapping 
c: V(G) ~ Q 
as a (Q, ,)-colouring of G, if for every pair of distinct vertices x, y of G and for 
every (x, y)-path P with c(x) = c(y), there exists an internal vertex z of P such that 
c(x) • c(z) and c(x) ~ c(z). Clearly every (Q, .)-colouring of G is a vertex colouring 
of G. Further, every k-vertex colouring of a graph can be viewed as a (Q, .)-colouring 
of G with O = {cl,c2 . . . . .  ck} and * = {(ci, cj) : ci ~ cj, i ¢ j} .  
The connection between a (Q, ,)-colouring and the independence number of a graph 
can be seen as follows. Consider 
O -- {0,cl,c2 . . . . .  ck} 
and 
* = {(O, ci) : 1 <<.i~k}. 
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Observe that a connected graph G has a (Q,,)-colouring if and only if G has an 
independent set of order v(G) - k. To establish the connection to criticality we need 
some further definitions. 
Let G have a (Q, ,)-colouring. If for any Q 'c  Q, G has no (Q', ,)-colouring, then 
we say that G is (Q, ,)-chromatic. Further, if G is (Q, ,)-chromatic and every subgraph 
G'C G is not (Q, ,)-chromatic, then we say that G is (Q, , )-critical. Note that (Q,,)-  
critical graphs are simple and connected. Now when 
and 
Q = {O, cl,c2 . . . . .  ck} 
• = {(0 ,c i )  : 1 ~i~k}. 
G is (Q, ,)-critical if and only if G is critical. Therefore, we have the following 
equivalent statement of Conjecture 1: 
Conjecture 1'. If G is (Q, ,)-critical, then v(G)<~2k with equality holding if and only 
if G is a tree. 
2. R ~  
We establish Conjecture 1 using induction on v(G). In view of Lemma 1.1 we need 
only consider the case when G is critical but not or-critical. We begin our work with 
the following lemma. 
Lemma 2.1. Let G be a 9raph with at least two vertices. Then G is critical i f  and 
only i f  the followin9 two conditions are satisfied. 
(a) at(G - e) > ~(G), for  any non-cut edge e o f  G, 
(b) For any vertex x E V(G) there exists a maximum independent set o f  G not 
containing x. 
Proof. We first show that if (a) and (b) hold then G is critical. Clearly, it suffices to 
prove that condition (ii) holds in the definition of criticality, that is, v(Gi) - ~(Gi) < 
v(G) - ~(G), for i = 1, 2, where e is a cut edge of G and Gl, G2 are the two 
components of G - e. 
Obviously, 
ct(G)<<. ~(Gl) + ~(G2), 
and hence, 
v(G) - ~(G)>~[v(GI ) - ¢t(G1 )] -q- [v(G2) - ~(G2)]. 
If 
v( G)  - o~( G)  <~ v( G1) - ~(Gl), 
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then 
and 
v( G2 ) - ~( G: ) = 0 
v(G) - ~(G) = V(Gl) - ~(G1 ). 
It follows that v(G2) = 1, v(G1) = v (G) -  1, and cffGl) = ~(G) -  1, implying that 
every maximum independent set of G contains the vertex in G2, which contradicts (b). 
Thus v(G) -  ~(G) > v (G1) -  ~(G1). Similarly, v(G) -  ~(G) > v (G2) -  ~(G2). 
Now assume that G is critical and thus conditions (i) and (ii) in the definition 
of criticality hold. We will show that (a) and (b) hold. Again, by the definition of 
criticality, we need to only prove that (b) holds. 
Let A be the set of vertices in G which are in every maximum independent set of 
G. Let N be the set of vertices of G which are not in any maximum independent set. 
Further, EA = {ab E E(G) : a E A}, and H = G[EA]. Our aim is to show that A = 0. 
Suppose to the contrary that A 7~ 0. Then EA ~ 0 since G is connected and has at 
least two vertices. Thus E(H) 7~ 0. Clearly A is an independent set in G and every 
edge in EA is incident to a vertex in A and a vertex in N. Therefore, V(H)C_A tAN. 
For any edge ab E EA with a E A. I f  ab is not a cut edge, then condition (i) implies 
that ~(G-  ab) > cffG). It follows that there exists a maximum independent set S 
of G - ab which contains both a and b. Let S' = S - {a}. Then S ~ is a maximum 
independent set of G not containing a, contradicting the definition of A. Thus every 
edge in H is a cut edge of G, that is, H is a forest. 
Let v be a vertex of degree 1 in H. If  v E A, then, by the definition of EA, v is a 
vertex of degree 1 in G. Condition (ii) implies that v(G) -~(G)  > v (G-v ) -~(G-v) .  
It follows that ~(G) = ~(G - v), implying that there is a maximum independent set in 
G not containing v, a contradiction. Therefore v E N. 
Let G1, G2 . . . . .  Gt denote the components of G-  v. Denote the neighbours of v in Gi 
by vi, l <~ i <~ t. The definition of N implies that every maximum independent set of G 
is a union of maximum independent sets of Gi, 1 <~ i <~ t. Since dH(v) = 1, there exists a 
maximum independent set So in G which contains only one vertex in {vl, v2,.., vt}, say 
/)1. Let S~ = (S0-{vl})tJ {v}. Then S~ is a maximum independent set in G containing 
v, a contradiction. This completes the proof. [] 
Now we are ready to prove Conjecture 1. 
Proof of Conjeetm'e 1. We use induction on v(G). It is easily seen that the conjecture 
holds for v(G) = 2, or 3. For v(G)~>4, suppose the assertion is true for all critical 
graphs G' with 4<,Nv(G t) < v(G). In view of Lemma 1.1 we may assume that G is 
critical but not a-critical. Then G has a cut edge e such that ~(G1)+ ~(G2) = ~(G), 
where G1 and G2 are the two components of G - e. We will establish the result by 
proving G1 and G2 are critical. We provide details only for Gl as the argument for 
(;2 is analogous. 
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Let e' be any non-cut edge of G1. Then e(G - e')~<e(Gl - e') + cffG2). Now the 
criticality of G implies that ~(G - e') > e(G) = c~(Gl) + ~(G2). Hence c~(G1 - e') > 
~(G1). Thus G1 satisfies condition (a) in Lemma 2.1. Further, if G1 has a vertex, vo 
say, in G1 such that every maximum independent set of G1 contains Vo, then every 
maximum independent set of G contains v0 since cffG) = e(G1)+ e(G2). However, 
this contradicts Lemma 2.1. Thus G1 satisfies condition (b) and hence is critical. 
Now our inductive hypothesis implies that e(Gi)<. 1/2v(Gi) with equality holding if 
and only if Gi is a tree, i = 1, 2. Consequently, 
~(G) : c~(G1 ) + ~(G2) 
-- ½v(C), 
with equality holding if and only if both G1 and G2 are trees, that is, G is a tree. This 
completes the proof. IS] 
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